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THE CONORMAL DERIVATIVE PROBLEM FOR EQUATIONS
OF VARIATIONAL TYPE IN NONSMOOTH DOMAINS

GARY M. LIEBERMAN

ABSTRACT. It is well known that elliptic boundary value problems in smooth
domains have smooth solutions, but if the domain is, say, C!, the solutions
need not be Lipschitz. Recently Korevaar has identified a class of Lipschitz
domains, in which solutions of the capillary problem are Lipschitz assuming the
contact angle relates correctly to the geometry of the domain. Lipschitz bounds
for more general boundary value problems in the same class of domains are
proved. Applications to variational inequalities are also considered.

According to the standard theory [5, 10], solutions of elliptic boundary prob-
lems in C*-® domains (k > 2) are also C** up to the boundary of the
domain; more recent work [2, 4, 11, 16, 17, 19] has shown that this statement
is true for k =1 also. However, if the domain is C!, even if all other data of
the problem are C*, the solution need not even be Lipschitz (see [8]). As can
be seen for harmonic functions in a sector, for Lipschitz domains the connection
between smoothness of the solution and that of the domain is more delicate.
Here we investigate this connection for a family of boundary value problems
modelled on the capillary problem in a domain with corners. We prove gradient
bounds for this family of problems via a combination of Korevaar’s approach
to the capillary problem in nonsmooth domains [9, §4] and the author’s gradient
estimates in smooth domains [12, 21] which, in turn, are based on the interior
estimates of Simon [28] and the global estimates of Ural’'tseva for the capillary
problem [29]. The important point is to verify that the considerations of those
works apply to our situation.

Specifically, for Q a bounded domain in R” with unit inner normal y and
appropriate functions 4!, ..., 4", B:QxRxR" - R,and ¢ :0QxR >R,
we consider the problem

div A(x, u, Du) + B(x,u,Du) =0 in Q,

.1
(0.1 Ax,u,Du)-y+¢(x,u)=0 ondQ.

Our primary hypotheses are: € is Lipschitz and satisfies a uniform
exterior sphere condition, dQ is C? except for a small set, and A(x, z, p) =
dF(x, z, p)/dp for a scalar function F which is convex in p. The conditions
on Q come from [9] while the existence of F is the definition of variational
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type. The latter hypothesis was used in [12] and then dispensed with in [21] for
smooth domains. Its present relevance will be discussed later. Of course the
convexity of F guarantees that the matrix (%) is positive definite and hence

the boundary value problem is elliptic.

Various technical hypotheses will be made on the structure of the functions
F, A, B, g, but we note here one particular such hypothesis for the capil-
lary problem in two dimensions. In this case F = (1 + |p>)!/?2 and 4 =
(14 |p|>)~2p, so |A| < 1. Therefore a necessary condition for (0.1) to have
smooth solutions is that |¢| < 1. If also ¢ is Lipschitz with ¢, <0, it follows
from [21, Exampie 1, p. 57] that |Du| is bounded for domains with smooth
boundaries. (When ¢, = 0, this result is due to Gerhardt [3] and Ural’tseva
[29].) At a convex corner, even for constant ¢, the condition |¢| < 1 is not
strong enough to give a bound on |Du| or, in fact, |u|. (Details of this situation
are given in, e.g., [1, §5.2; 9, p. 20].) One crucial condition which gives these
bounds is the existence of smooth functions ¥ (scalar) and 7 (vector) with
o] <1, [7| <1, and ¢ =7-yp. Korevaar introduced this condition in [9],
and he called 7 a pseudonormal, a term we also use here.

An interesting comparison can be made between the results here and those in
other works of the author. Suppose Q is a cube in R3, 9 =0, A(x, z, p) =
aip; for some constant positive-definite matrix (a”/), and B is C*(Q) and
depends only on x. The results of [20] or [22] give a constant a € (0, 1) de-
termined only by (a"/) such that solutions of (0.1) are C!>® uniformly on any
compact subset of Q minus its vertices. Global Holder continuity of the solu-
tion is classical, and results in this paper will show global Lipschitz continuity
if (@) is symmetric.

Unfortunately some symmetry is crucial to the present approach. As in all
gradient estimates, the key step is to find a function of the gradient which is
a subsolution of a suitable boundary value problem. (For example if u is
harmonic, then |Du|? is subharmonic; see [27] for further discussion in case
a boundary gradient estimate is known.) In our case we consider a function
vo(x, u, Du) which is convex and of quadratic growth in Du. (For technical
reasons, it will be convenient to use linear rather than quadratic growth in the
main body of this paper, but the quadratic growth is useful for illustration.) In
addition, vy must have a suitable form to take advantage of the structure of the
differential equation and the boundary condition. Among other things we would
like the vector field %—’l’} to be tangential to the boundary. Then, writing a*/ for
04’

ap; and differentiating the boundary condition in the tangential direction %’I’,Q

yields
i _l 6 UO
a"’y;Dju—— = lower order terms
opy
or -
a’yiDjvy = lower order terms
on 9Q and then the differential equation gives

Di(a” Djvy) = lower order terms

in Q. Therefore vy satisfies a conormal derivative problem, which leads to
estimates on vy (and hence on |Du|) after appropriate estimation of the lower
order terms.




THE CONORMAL DERIVATIVE PROBLEM 43

To return to the role of symmetry, we suppose now for simplicity that
A¥(x, z, p) = a’/p; for some constant positive-definite matrix a”/, with a?! =
0, that ¢ = 0, and that Q is two dimensional. Also, suppose first also that
0Q is the hyperplane {x? = 0}. As noted in [15], we can take

vo = pi + P}
since g—;g = 0 on 0Q. Suppose next that 9Q is the angle {x2 = 0, x! >

0}u{x! =0,x%>0}. If vg = bp,p; for some constant positive-definite
(b"), which we may assume symmetric, the boundary condition on {x? = 0}
and 4% being tangential give

p> =0 implies b2'p1 + b22p2 =0
and hence b?! = 0 since p; is arbitrary. Thus on {x! = 0} we have
a''p; +a'%?p, =0 implies b''p; =0,

which is only possible if a'2 =0, i.e., (a/) is symmetric. Such a hypothesis is
not needed in the case of a domain with smooth boundary. Thus we see that
the present approach is not easily modified to remove the symmetry hypothesis
on a'/ (or, equivalently, the variational hypothesis on A).

We begin in §1 with some basic inequalities which are used to prove esti-
mates on solutions of (0.1) in §2 and on their gradients in §3. Analogous results
for parabolic problems are stated in §4. Examples in §5 illustrate our structure
conditions and the role of the pseudonormal, and connections with variational
inequalities appear in §6. Finally the progression from our estimates to regular-
ity results is made, via existence theorems, in §7.

In general our notation follows [5, 12]. Unless otherwise indicated the argu-
ments of 4, B, and their derivatives are taken to be (x, u, Du) and hence
omitted. Similarly ¢ = ¢(x, ). The subscripts x, z, p denote derivatives
with respect to the appropriate scalar or vector variables. Other subscripts de-
note derivatives with respect to components of x or components of a vector
or tensor, and superscripts denote derivatives with respect to components of p
or components of a vector or tensor. The meaning should be clear from the

j _ 9B

i _ o4 2B
context, e.g., 4; = e B/ = o, -

1. PRELIMINARIES

We begin by proving two inequalities which relate certain boundary and in-
terior integrals. These inequalities are analogs of the standard ones proved
as Lemma 2.1 in [12], but additional complications arise when investigating
nonsmooth domains. A complete understanding of these complications is inti-
mately tied to several of our structure conditions, so the results in this section
will not be as independent of the gradient estimates as those in [12, §2].

Throughout we assume Q to be a Lipschitz domain and 7 to be a C%!(Q)
vector field with 7| <1 in Q and 7.y > 0 almost everywhere with respect to
surface measure ds on 9Q.

Lemma 1.1. If K = supq(div 7)_, then, for all nonnegative h € W'-!,

(1.1) / hy-?dss/ |Dh|dx+K/hdx.
aQ Q Q
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Proof.

hy -7ds = — /dlv (hy)d /Dh Jdx — /hdlvydx 0
Q

Note that such a 7 can be constructed for an arbitrary C%! domain very
simply. Locally 9Q is the graph of a Lipschitz function, so we can choose 7
locally to be constant (in the obvious direction) and then patch these together
via a smooth partition of unity.

Our next lemma involves the boundary condition from (0.1) and some addi-
tional notation. For u € W21nC%!(Q) and h e W!-! we define

_./ 2 _ i _ §ii— §ii _ oy
(1.2) v =4/1+|Du|?, l/ Dujv, g'=9¢ oY — vy,
o;h =g"“Djh, du=vdx,

and for a C%! vector function A defined on Q x R x R”, we define
i 0A
1.3 a’ =v—(x, u, Du).
(1.3) 50" )
Lemma 1.2. Suppose
(1.4) A(x,u,Du)-y+o(x,u)=0 ondoQ
and there is a function @ such that
(1.5) |@||Du| < pyDu-A(x,u,Du) and ¢ =9y-7 ondQ
Jor some constant B, € [0, 1). If K is a constant such that
(1.6) K >|Dy| inQ,

then, for any nonnegative h € W', we have

A
1.7 hy - yDu -
D e I

cep | /Q 18k + Kh) dp
+/Qh(u 7D, (|A|>‘7i”fo(f;|))dﬂ]

A A
I= h [Du —7—Du-y— ] - yds.
29 4] |4]

Proof. Set

(This integral, in disguised form, was used in the proof of [30, Lemma 2].) The
inequality in (1.5) gives

(1.8) 12(1-/;1)/69;17-;»014-&'(15.
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The divergence theorem implies that

A A
I= —/Q(Du |A|y Du - ylAl)othx

. Al
D,,uy 7’D,'jum) dx

Ai
h"DD( ) DD( ))dx
o AP A
A

-0hd
( |A| IA!) #
h<u ——divy D"j ~>d
- o g g ) an

o for (3o (F) -7 (7)) o

because Du-Ay-v = Du-¥A-v and 4/D;;uy’ = ¥ D;jud’. Now invoking
(1.6) and (1.8) yields (1.7). O

/ (|A|

/h(Du ¥ |dlvy ﬁ‘D,-?iju) dx
-

-

o]

From the proof it is clear that the inequality in (1.5) need only hold at points
of 0Q for which A >0.

2. BOUNDS ON THE SOLUTION

In this section, we give pointwise estimates for solutions of (0.1). Since the
proofs are the same as for the corresponding results in [12, §3] (see also [21,
§2]) with Lemma 1.1 replacing [12, Lemma 2.1(a)], we only state the results.

Lemma 2.1. Let u € C%! be a weak solution of (0.1). Suppose there are positive
constants m > 1, a,, by, by, co, M such that

(2.1a) p-A(x, z,p) > |p|" — ai|z|",
(2.1b) zB(x, z,p)<bop-A(x, z, p)+ bi|z|",
(2.1¢) zp(x, z) < colz|™ for x € OQ

Jor |z| > M. Then, for any q > 1,
sup|u| < C(m,n,q,Q)

1/q
(2.2) x ([(1+a.+b1+c3”/""“))"/'"/ ]u|"dx] +M). o
Q

Lemma 2.2. Let u € C%! be a weak solution of (0.1) and suppose there are
positive constants m > 1, mg<m, a,, by, by, co, My such that

(2.1a) p-A(x, z,p) > |p|" —ailz|™,

(2.1b) zB(x, z,p) < bop-A(x, z, p) — by|z|™,
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(2.1¢c) zp(x, z) < colz|™ for x € OQ.

If g > 1 and if by is sufficiently large (depending only on ay, by, ¢y, q, m, Q),
then

(2.3) /Q u|? dx < 49/™MIIQ|. O

We emphasize that Lemmata 2.1 and 2.2 are valid for arbitrary Lipschitz
domains. For the capillary problem, a bound on z¢ is not enough to guarantee
a bound on u unless the bound on z¢ is tied into the geometry of Q. The
pseudonormal 7 gives a natural connection.

Lemma 2.3. Let u € C%! be a weak solution of (0.1) and suppose there are
positive constants a, , by, by, M such that (2.1a, b) hold with m = 1 and |z| >
M . If there is ¢y € (0, 1) such that

(2.1¢)" zP(x, z) <coy - y|z| forx €0Q,|z| > M,
then, for any q > 1

1/q
(2.4) sup|u|§C(co,n,q,Q)[((1+a1+b1)"/|u|qu> +M|. O
Q

Lemma 2.4. Lemma 2.2 remains valid for m = 1 if (2.1c)” replaces (2.1c)’
and cg<1. O

3. THE GRADIENT BOUND

We are now ready to derive gradient bounds for solutions of (0.1). In addi-
tion to the notation of §1, we use B, c, 70, K, M, ¢y to denote nonnegative
constants with

lul <M and |p(x,u) <@y inQ, y-7>29>0 ondQ

(recall p =9y-y on 9Q); B, ¢, K will often be subscripted as well.
We assume that there is a C! increasing function v, such that

(3.1) 0< Bov <vy(F(x,u,Du)+9Du-y)<v
in Q and we also write v; for v{(F +9@Du-7).
We define
. 1.
%2 = %a”ak’"DjkuD,-mu s & = Bz—vlaUDi’U]Dj'U] s
1

and for 7> By, xp € Q,and p >0,
Q ={xeQ:v >1}, I={xedQ:v; > 1},
Bp={x€R":|X—X0|<p}, Q‘[’p=BpﬂQt, rf’p=B/)an.

Next we introduce structure functions w, 4, 49, A, Ag, A;, which are pos-
itive, increasing, and (except for Ag) C! on [19, co) for some 1o > By. These
functions are related by the monotonicity conditions

(3.2a) wh(A/2)"*+D/2 /A s increasing,

(3.2b) w# /Ay is increasing,
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(3.2¢) ETB(AJA D2 A E=Bw  are decreasing
(for ¢ the identity function), and

(3.3a) AF< Ao <A,

(3.3b) Ao <A

(3.3¢) (EA1)? + AT < Ao.

All of our conditions are assumed to hold on Q. (or I';, for (3.8d, f)). First,
we assume (a”/) to be elliptic on Q;, so there are positive functions 7 > u
such that

(3.4) pIC? <avlg <m¢P forall { € R
Moreover, we assume that
(3.5a) A8V <a'iiL;,
(3.5b) AL+ (0 A JA)) 885 < Aga' Ll
for { € R”, and that
(3.5¢) Ao < |4+ 97| < Bido,
(3.54) Jo < o < B,
1
(3.5¢) Aol < Ao,
(3.5f) <Ay, A< Al
Furthermore, we assume that
(3.6) Du-A> Brpov, Du-A> B3|A|v

with f, > 1 and B3> 0. 4 A .
Next, we suppose that there are functions C; and D; with D, differentiable
with respect to (x, z, p) such that

(3.7 DyuAd. + A, + B, = C} + D},
(3.82) STICIHP < BiaoAo/E, D |Ciwil* < Bipuho/Ao
ik k
v YD (4* + 97°)* < iAo,
i,j

(3.8b) .
" IDYDju(A* + GF) < BFuho/o,
i

(3.8¢) (D;uD}, + Di,)(4* +97*) < B2 Ao
(here D} = 0D} /dp; and D}, = dD}/dx"),
(3.8d) —Djy;(A* +P7°) < BakoAy,
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(3.8¢) [@x| < Bako,  |D7| < Ba,
(3.8f) 9, (Du-A+9Du-7) < BaroAy,
(3.8g) VA * + |Fel* < BivPAoAo/E,
(3.8h) aDuDju(|4;:1* + |9, > +v2F}) < BiAoAo,
(3.9) (AJ2)" 212y < BswPsDu - A,
(3.10a) v(w')?A§ < BFuDu - A,
(3.10b) low < B7Du- A,
(3.10¢) v < BiDu- A,

(3.10d) Aov; < e(v))w?AgDu - A,
(3.10e) V|4, | +|4x| < Bye(v1)"/*Du - 4
for some positive decreasing function &, and

(3.11a) B>—fyDu- A,
(3.11b) |A| <& (v)Du-A forv >

Let us point out that these conditions are essentially the same as in [12 and
21] (except that the latter work does not use the variational structure). In
particular, our (3.10a) is the same as [21, (3.12a)] (in which the exponent 2 for
(w') is missing) by virtue of [12, (4.11b)] and (3.1).

When 9 is not smooth, we need some additional control of its geometry
beyond being Lipschitz. Following [9], we assume also that it satisfies a uniform
exterior sphere condition with radius R such that

(3.12) RBs>1,

and that 0Q is C? except for a singular set I of finite (n — 2)-dimensional
Hausdorff measure. In particular, there is a sequence of C! functions (6y)
such that

0k=0 OnF,OSGkSI, ||D0k||Lz§K0(F) forallk,

and 6, — 1 a.e. For n > 2, the existence of such a sequence follows from [24,
Theorem 21 and 26, Lemma 8]. For n = 2, the sequence can be constructed
easily because I" consists of finitely many points. Furthermore, as we prove in
the appendix, (3.12) implies

(3.12) Dyl <I{P/R on 8Q\I

for any vector { with .y = 0. In fact, we shall see in §7 that this condition,
and not the size of the singular set, is what we use.
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Lemma 3.1. Let x be a nonnegative Lipschitz function on [ty, o), let T > 19
and suppose there is a constant c, such that

(3.13) 0<(t-1)x'(t)/x(t)<cy fort>1.
If L € C%Y(Q) and if conditions (3.3a, c), (3.4), (3.5a, ¢, d, ), (3.6), (3.7), and

(3.8) hold, then
(3.14)

L(-2)e el
X Uy
<c(Bo. Bis Ba By 70)(1 + )2 /Q [B2Aol2 + Ao’ D;{D; {1y dy.

Proof. If { vanishes on I', the estimate follows from the same arguments as
in [12, Lemma 4.7; 21, Lemma 3.1] except for a slight modification concerning
the boundary integrals. By using 1 = (v; — 1)+ x(v,){%*(4 + $7) in [21, Lemma
1.1], we are led to examine the integral

= /BQ[Dk¢ + @Dyt + A~ 51y = DA +97) (01 — 1)1 x(v1) ds.

Since D;yx = Dvy;,

Do + ¢.Dyu = Dy (9y-7)+ 9,7 - 7Dyu
=y -7[Dk9 +9,Dul +7 - Diyo + (Di7) - 79,

and y-(A+97) =0 on 9Q, we have
I= [ (4+77)- 610t + 770 - )x(w)(ds
+ [ 17D + 7D} + @7 - DA+ 7701 = () s
- [ nDLA 4 )01 2o ds
T
<caln, B [ o (1-5) xPvds
n U1/
Using Lemma 1.2 and [12, (4.11c)] in its more precise form
(3.15) Aoa’ Dy uDju < Ki(Bi, Ba, B3) (B2 + & + BFAo)v?
gives, for any >0,
I<n [(l—i)%2+8’]xd,u
Q. Uy

L s, Bo, Brs o, Bs. Vo)%(l Tt /Q [B2A0L? + A0a"' DD, {1z di

just as on p. 238 of [12]. This estimate is just what is needed to prove (3.14) if
{ vanishes on I.
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For general {, we first replace { by 6, to obtain

/ [(1 - l) &2+ g] x0,%£2d,u
Q. U1
<261+, [ [BAot? +oaDillx6
Q.

+2¢(1 +c1)2/ Aoa" ' Di6, D0, x* dp.
Q,

By hypothesis, the right-hand side is bounded, independent of k, by some
constant K, (which does depend on the gradient_ bound and on the specific
function x). Thus, for any compact subset S of Q\I", we have

/ [(1 - vl) % +g] 1[0 du < K,
. 1

where I, =1 on S and = 0 off of S. Sending k& — oo allows us to replace
0, by 1 in this inequality. Then choosing a sequence of S’s which expand to

Q vyields
/ [(l - vi) %24.2‘} xC%du < Ks.
. 1

Since this integral is finite, the proof of (3.14) given for { vanishing on I
applies for arbitrary {. O

Before proceeding to our gradient estimate, we prove a Sobolev inequality
which involves several of our structure conditions. We remark that a much
simpler form of this inequality can be used if 0Q € C? (see [12, Lemmata 1.3
and 2.1(b))).

Lemma 3.2. Let h € W'-2n L>® be nonnegative and suppose h = 0 anywhere
that v\ < t9. Suppose also that structure conditions (3.4), (3.5b, c, e, f), (3.6),
(3.8e, g, h) are satisfied. Then

2/n
(3.16) /Q RODIngy < co(Bo, By Bas Bss 70, 1) ( /Q % du)

x (/Q[|5h|2+h2(%2+8+B}A0)/,1]du>.

Proof. Asin [12, Lemma 1.3], it follows from [25, p. 372; 13, Lemma 1.1] that
if the nonnegative numbers p, g, r satisfy 2 +r+ 1 =g, then

1/2
/ hidu<cs(p,q,r) (/ h"d’u)
Q Q

« (/ [h’|6h|+h’+‘
Q

1
%gUDUu

] du+/ h’“vds).
r19)

Now we use Lemma 1.2 with s replaced by A’*! to estimate the boundary
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integral. We have

_ Al _ A
b0 (1) 700 (75

1 . s
= I—Xla'ijku(cs,-jV ¥ -V -

1 i =
+ m(le[uAj — y’D,-uA )

|A|3 a*Dyu(v - AAF —v - TA L)

| AP(Du Ak Ak 4V — Du - 4y A* 4F)

—\ 172 172
<cn, B, 2. Bo) [(a Dty () 04 (57) v]

< c7(n ) ﬂl s ﬂ2 ) ﬂ3)[(g2 + & + ﬂ}AO)/l]l/zv
by (3.4), (3.5¢), and (3.8e, g, h), (3.15). Hence Lemma 1.2 implies that

A
—y-7yds
|4

< c9(ﬂl 5 ,32 s ﬂ3 » Y0 n) /Q{rhrléhl + hr+l[(g2 + & + ﬂ‘%AO)/l]l/z}d)u

Observing from (3.5b) that

v ds < cs(Bs, )’0)/ W'Dy -
20 20

2

. A0, i
A %'g"Diju < m(aUDikuDjku)a

we see that

1/n
/thdll <ciolBi, P2, B3, Y0, 1, D, 1) (/thdﬂ)
x / [W6h] + W (B2 + & + B2Ao)/A} /2 d .
Q

This inequality is just [13, (1.3)] with |H| replaced by {(Z2+&+B2A0)1A}/?,
so the proof is completed by choosing g = 2(n+2)/n,p=1+¢g/2,and r =
1+2/n—2/n?, and then applying Schwarz’s inequality and Holder’s inequality
ason [13,p. 581]. O

From this point, the proof of our gradient bound proceeds as in [12] with
the obvious changes (for example, Lemma 3.2 in place of [12, Lemma 1.3]
and supg ot — # in place of u —infu in the proof of Lemma 3.5), the
sharper form of the calculations in [21], and the observation that our (3.3a), and
(3.5b, e, f) can be used in place of [12, (4.11e)]. For this reason we only state
the results.

Lemma 3.3. Suppose conditions (3.2a, ¢) and (3.3)—(3.8) are satisfied. Then for
any xo € Q, 1> 19, and p >0, we have

T n+2
sup <1 - —) w?
Q2 (4

AN (14272
Sc’n(ﬂ,Bl,ﬂz,ﬂs,ﬂw,yo,n)p_"/g wz(j) vdx. O
. p

(3.17)




52 G. M. LIEBERMAN

Lemma 3.4. Suppose conditions (3.2b, c) (3.3a, c) (3.4), (3.5a, c, d, e), (3.6),
(3.7), (3.8), and (3.10) are satisfied, let q > 0, and set

(3.18) 0= 0SC U.
QnB,

Then there is a constant c\2 = c12(B, Bi, B2, B3, B7, Yo, n, q) such that if there
isa ty > 1 for which

(3.19) 8(ci2B? + pE)oe(t)) < 1,
then

/Q wiDu- Adx < cis(B, Bo, Br, Bas B, Bap, Br, Bsp . 70, 1, Q)
(3.20) "

o19
X [’w(tl)+ —] Du-Adx. O
Pl Ja,,

For our next lemma, we introduce the quantities
Q={xeQ:v(x)>1}, Q ,=QnB,, K(p)=p'"B,N3Q|

Lemma 3.5. Suppose conditions (3.12a, b) hold on Q! and define o by (3.18).
Then for any p >0, xo € Q, and 1, > 1t such that

v
(3.21a) e(12) < 80
and
40|A|

(3.21b) Ay = sup Sa(B+ poDu-A)_+(Du-A)-+ ——,

X€EB, P

v<1;
we have
(3.22) / Du - Adx < ci4(n) exp(Boo)p” (K(p)% +A1) . O

1,p/2

Although Lemmata 3.3-3.5 are readily combined to give a gradient bound,
we shall not do so here. The details are generally straightforward but, as we
shall see in §5, it is sometimes advantageous to use only the estimates from
Lemmata 3.3 and 3.5.

As in [28, §3] (and [21, §4]), the form of our estimates can be improved if the
structure conditions of §3 are appropriately strengthened. Since these estimates
are proved by modifying the proofs of §3 in exactly the way discussed in [28,
21], we state them without proof.

Theorem 3.6. Let xy € Q, p > 0, and suppose conditions (3.1)-(3.10) hold
with &(vy) = Brow 2. Suppose also that

(3.23) B> —pBnld| inQ.
With o given by (3.18), set

8a /3110}
3.24a T3=max<Tg, — +2—— ¢ ,
(3.24a) ’ { ° By P28
(3.24b) Ay= sup {UB_ +(Du-A)_ + g|A|}.
|Du|<1s p
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Then there is a constant c¢\s = cis(8, Bo, Bi, B2, B3, Bap, Bs, B1, Bsp, Bio,
Bup, v, K(p), n) such that

n+2 2+ s
(3.25) sup (1 - E) w? < ¢ys [’w(‘to) + Z] (A2 + %2) .
Qs v/, p p

If also

(3.26) a&im; < Bra{Aog" min}*{a g}
forall n,& in R*, set

(3.27a) 0o = sup (¥ — u(xo))+ ,

QnB,
8ap |, 2B1 }

3.27b T =max{1 , —+——0p¢ ,

( ) ¢ © Bip " B

(3.27¢) Ay= sup {aoB_ + (Du-A)_ + @|A|} :

|Du|<t4 p
u—u(xo)>p

Then there is Cie = Cl6(ﬂ’ BOa Bl ) BZa B3’ ﬂ“p’ ﬂ5, B7’ ﬂ8p> Blo: ﬂ]lp, ﬂlz,
Y0, K(p), n) such that

(3.28)

To n+2 g 1+8s g
sup (l - —) w? < ci6[1 + w(to)] [1 + w(tg) + —] <A3 + (oo—) . O
Qs v/, p p

4. THE PARABOLIC CASE

Parabolic versions of the results in §3 are also valid. We only state analogs
of Lemmata 3.3, 3.4, and 3.5 including a version which allows localization in
time as well as space. Refined estimates are then easy to obtain (see [21, §4]).

To state these estimates, we introduce some additional terminology: For
T >0, we set

Qr=Qx(0,7), SQr=0Qx(0,7T),
and we consider the problem
divA(x,t,u,Du)+B(x,t,u,Du)=u, inQr,

A(x,t,u,Du)-y+¢(x,t,u)=0 onSQr,
u(-,0)=upy 1InQ

for some known function u,. (Here Du is only the spatial gradient of u.)
Next we define

O(7) ={(x, 1) € Qr:vi(x, 1) > 1},
Q(z, p) ={(x, 1) € Q1) : x € B, },
SQ(t)={(x,t) € SQr:vi(x,t)>1}.

Moreover all structure conditions are assumed to hold with Q(7y) replacing
Q., and SQ(1o) replacing I';,.
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Since A4, ¢, and F may depend on ¢, we assume the following bounds:

(4.12) 9.7+ Du+F, < BlAo,
(4.1b) ﬁFzz < ﬂf).vo,
(4.1c) BF; < BiA,,
(4.1d) (v]4:| + |4x])| Fz| < BiAo,
(4.2) A< Ao,

and we suppose that

(4.3) EFly is decreasing.

Lemma 4.1. Let y be a nonnegative Lipschitz function on [1g, 00), let T < 19,
and suppose there is a constant ¢, for which (3.14) holds. If { € C®'(Qr), if
{(x,0)=0 in Q orif vi(x,0) <t in Q, and if conditions (3.3a, c), (3.4),
(3.5a, c, d, e), (3.6), (3.7), (3.8), (4.1), and (4.3) hold, then there is a constant
€17 = 617(6 ﬁo’ Bl ’ BZ s ﬂ3’ Yo, h ) such that

sup/ (v; - 1)2 onCzdx+/ / [( ——)%2+é"] xCdudt
0<0<T JQx{t}

(4.4) gc;7(1+cx)3{ /0 /Q [B3AoC% + Aoa"/ Di{D;Clx dudt

T
+ /0 /Q t(vl —r)2x|c,|4dxdt} .

Proof. From the proof of Lemma 3.1, we find that

/oh/, [(1—i) %2+g] 2Cdudt

<c(l+¢) / / [B2AL% + Aga"/ Di{D;¢)x dudt
+aisler) /0 | wDt + 7701 — )P dx e
for any & € (0, T). Thus it suffices to estimate this last integral, which we

denote by 1.
Setting ( V()
_ [P (o=1)x(o

= rien

and using the approximation and integration by parts argument from [13, Lem-
ma 3.1] yields

h
= — = 2 =
I= /Qx{h}...('v,)C dx+2/0 /Qt...(vl)CC,dxdt

h
(4.5) +/0 / uF,(vy — 1)x¢*dxdt

(1]

h
+/ / (F,+9,7 - Du)(v, - 1) dx dt.
0 N
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By using [13, (3.6)] with x4, replacing x, we see from (4.3) and (3.5d) that

ﬁ 25 =
2/10)((1)1—‘[) Z~22(1+—B+cx)

We use this inequality to estimate the first two integrals in (4.5). In the third
integral, we use the differential equation in the form

Aox(vr — )2

U, = %a"fDiju + B+ ADju + A
Thus

_ 1 N2 2 ’ Y
I< 2(l+ﬂ+cx)/ﬂx{h}(vl 7)"Aox ¢ dX+/>’o/0 /Qt(’vl 1) x|l dx dt

h — 1/2
_ T\ 240 uD | E 2 )
+/0 /Qr (1 'U]) vza DtkuD]ku] A,()Fz XC d/ldt
h
* f / [BE; + (v]4;| + |Ax|) F:1x (* dp dt
0 JQ,

h
+ [0 [ (R 75 Duxdude.
0 ¢
If we estimate these last three integrals via (4.1), Schwarz’s inequality, and
(3.16), we obtain (4.4). O

Using Lemma 4.1 in place of Lemma 3.1 gives analogs of Lemmata 3.3, 3.4,
3.5 by virtue of the proofs of [21, Lemmata 3.2, 3.3, 3.4, Theorem 4.1].

Lemma 4.2. Suppose conditions (3.2a, c), (3.3)-(3.8), (4.1), (4.2), and (4.3) are
satisfied, and let xo € Q, and p > 0.

(a) If vy <19 on Q x {0}, then

T n+2
sup (l_v_l) w? < ci9(B, Bo, Bi, B2, B3, Bap, 70, 1)

Q(t,p/2)
(4.6) AN (4272
xp"? // w? (—) vdxdt.
0.p)  \A
(b) Ifalso

(4.7) Aov < Bi3A,

and p?> <ty < T, then

(4.8)

n+2
(1 - -t—) w?(xo, o) < c20(B, Bo, Bis B2, B3, Bap, Bis, Yo, 1)

U1/,
' fo A\ (122
X p""z/ / w? (—) vdxdt. 0O
to—p* Q. A

Lemma 4.3. Suppose conditions (3.2b, c), (3.3a, c), (3.4), (3.5a, ¢, 4, ¢), (3.6),
(3.7), (3.8), (3.10), (4.1), (4.2), and (4.3) are satisfied, and let q > 0, xo € Q,
and p > 0.
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(a) If vy <1 on Q x {0}, set
(4.9) o =sup{lu(x, t) —u(xp, t)|:x€B,,0<t< T}

Then there is a constant ¢y = ¢1(B, B1, B2, B3, B1, Yo, n, q) such that if there
isa 11 > 1 for which

(4.10) 8(cu Bi + B3)o%e(ry) < 1,
then

// wiDu - Adx dt
Q(t,p/2)

(4.11) < (B, Bos Bis B2y B3, Bap,s Brs Bsp, o, 1, q)
g q
X [w(11)+;] //Q(T)p)Du-Adxdt.
(b) If also
(4.12) v? < BawDu- A4

and p*<ty< T, set
(4.13) o =sup{|u(x, t) —u(xot)| : x € B,, to — pr <t <t}

If there is a 1, > t for which (4.10) holds, then there is a constant cy; =
c3(B, Bo, Bi, B2, B3, Bap, B1, Bsp, vo, n, q) such that

to
/ / wiDu-Adxdt
tO‘_pz/“ Qt,p/Z

2
<cx [w(Tl) + % + B4 (%) ]

(4.14) .
/ Du-Adxdt. O
I {

0—p? JQc,
For our final lemma, we define
Q(p)={(x,)€Qr:x€B,, to— p> < t<ty},
Q'(p,1)={x,neQ(p):v(x,1) 21}

Lemmad4. Let t>1,p>0,x0€Q, and 0 < ty < T. Suppose conditions
(3.11) hold on Q'(p, 1) and set

(4.15) M = osc u.

If 15 > t© is so large that

(4.16) £1(ts) < g
and if
M
(4.17)  As=  sup {M(B + BoDu - A)_ + (Du - A)_ + —|A|} ,
Q' (P\Q'(p,7) p
then
(4.18)

Du - Adxdt < cya(n)exp(BsM)p"[M? + Agp* + K(p)Mpyo]. O
0'(p/2,7)
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Note that Lemma 4.4 is identical to [21, Lemma 3.4].

5. EXAMPLES

Our structure conditions, which are based on those in [28], were chosen to
include all the examples in [21] and hence all those in [28, 12, 30] as well.
Rather than reproduce them all here, we only include three to show the range
of these methods.

Example 1 (The capillary problem). Suppose
A=v, B =nH(x, u, Du)+ b(x, u, Du)
for Lipschitz H with

nH > -0, v|b| < 6,
nv[|Hy| + |H, -p|] < 61,  n[vH, +|Hy|] < 6},
po<l1, 9, <0.

We then set
Ci=bd,, Dj=nHb,, wvi=%v+eDu-y),
p=v"2 w=logy, AP =2=%41-9y), A=A=Aj=A; =1
With these choices,

=1, Bi=cloo) b1+ %) Bs=0. Pr=2,

Bs =0, P11 =c(po)b,
and 79, Bo,.-., B3, Bs, Bio chosen suitably (depending only on ¢¢ and n),
Theorem 3.6 gives an estimate of the form

v(xo) < c1 exp(c200/p)
with ¢; and ¢, depending only on 6,p, K(p), n, 70, 9o, and p/R. (Recall
that R is the radius of the exterior sphere.) Because of the restrictions on ¢

forced by the inequality ¢y < 1, this estimate is a sharp local version of [9,
Lemma 4.5].

Let us examine briefly the special case that I' is an edge from [9, Theorem
4.2]. Then, at least locally, I is the intersection of two C? hypersurfaces S;
and S, with inner normals y; and y,. Let 6 denote the angle between S; and
S, along I'; by the exterior sphere condition 6 < n. If ¢ = cos g is Lipschitz
with |z — 28| < 6 on I', then an appropriate pseudonormal is 7 = % (cf.
[9, p. 28]). More generally we obtain a gradient bound if the restrictions ¢; and
@, of ¢ to S; and S,, respectively, are Lipschitz and if there are functions
6,, and 6, such that

n>0=60,+0,, sind; > |g;|, p192>00rp;=90,=0 onT,

so that a suitable 7 can be constructed. The restriction that ¢ not change
sign on I is clearly needed for the pseudonormal approach to work, but it
is not mentioned in [9]. On the other hand, this restriction is not needed to
conclude the Holder continuity of the gradient for Lipschitz solutions as in [20].
Remark 4.8 from [9] is also applicable; it is generally not possible to construct
a pseudonormal near singular sets of higher codimension.
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Example 2 (Uniformly elliptic problems). Here we suppose there are nonnega-
tive functions ¢ and y, with ¢ decreasing, ¢£ increasing, ¢ — 0 at infinity,
w € CY(1, 00),and w(t) >0 and 0 < ty'(t)/w(t) < O for t > 1 such that

(5.1a) Du-A>vy(v)—6;, |4 <6p(v),
(5.1b) w()E) < aYE&; < O3y (v)EP,
(5.1¢) |Fz|+v 7" |Fe|+v|Az|+|4x|+|B| < Oae(v) Poy(v), (9], 9,1 < b4.

Let us also assume for simplicity that ¥ — oo at infinity and that ey? is
bounded away from zero. Now set I(f) = [, 1’ w(s)ds, and choose

F+¢Du-y=2(v,), Di =0,
p=yW), w=v, A=3iy@), i=1, A¢=iew)(viy(wn))?,
E=03y(v), A=y@))?, A =c(0)v+y).

For B4 = c(n)(64 + % + D7), 70, B, Bo, ..., B3, Bs, Bs, B7, By depending
on fy,...,0;,and fg=c(by, ..., 03)0,, we can combine Lemmata 3.3, 3.4,
and 3.5 to obtain a gradient bound of the form

_ o
'U(XO) SC (00’ 01: 02’ 039 04/), %a plDyla Yo, 1, @Yo, ;) .
This estimate is also valid for degenerate equations, in which case the first
inequality in (5.1c) can be replaced by
|Fy| + v Fy| 4+ v|A4z| + |Ax| + |B| < O16(v) 20w (v) + 65.

For the nondegenerate case we have a modulus of continuity estimate from [18]
(with appropriate geometry) and if y and vy are replaced by (|Du|+J)™ and
(|Du| + 1)™*1 | respectively, for some m > 0 and J € [0, 1], then a modulus
of continuity estimate follows from [10, Theorem 10.2.1]. In both cases, this
modulus can be obtained (independent of J in the second case) even for ¢ = 1.
By taking p sufficiently small, we obtain a gradient bound in this case as well.!

Note that now, near an edge, the modulus of continuity estimates of [18]
apply, so the only restrictions on ¢; and ¢, are that

(5.2) P19 >00rp =¢,=0 onT.

If also y(v) = v, [19, Theorem 4.1] shows that u has Holder continuous
gradient without the present gradient bounds and hence without the variational
structure and without the restriction (5.2).

Example 3. Set ¥(v) = exp(6v?), and suppose
A=¥()p, |B|<60™¥(v), - [g,]+[9.]< 6.
Then we define v; by

1 _ _ 1
E‘P(v) +9Du-y= E‘I’(Ul) ,

' Note added in proof. If 6 = ty'(t)y(t) < 6y for some & > O, then (5.1a) and |B| <
64vy(v) + 65 imply a modulus of continuity by the arguments in [31], so we can take ¢ = 1 in
this case also.
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and observe that |v2 — v?| is bounded and goes to zero as v, v; — co. Now
we choose

w= )", p=l=0v¥v), E=(1+60)v¥(),
no
A= 'Uls eXp <n—_+-2'1112) s A= AO = (1 + H)UIS‘P(’UI),

I =60v¥w), ¢ =B
to infer that (3.2a, c), (3.3)-(3.8), and (3.12a) are satisfied with

,B=5, B4=C(ﬂ,9)<01+—;+|D7|0)

and fy,..., B3, By depending only on n and 6 provided 79 = ¢(0, ¢o).
Thus Lemmata 3.3 and 3.5 along with the inequality

AN (+2)72
vy (1—) v<c(@,n,py)Du-A

imply that

v(xo) <c(n, 0,90, 61p, |DTlop, K(p), v0)¥ (%) %,

Note that, near an edge, we need (5.2) to hold just as in Example 2.

We close by pointing out (see, e.g., [12, p. 250]) that we can consider a
situation intermediate to the given examples, namely 4 = ¥(v)p for some
positive C!([1, c0)) function ¥ satisfying

(1)
v <9

for 6 > —1 a constant and suitable conditions on B.

1<

6. OBSTACLE PROBLEMS

We now show how to extend our estimates to solutions of obstacle problems.
In particular, our results include some of those in [7] for the capillary problem
(specifically Theorem 0.1 there except for the assertion of continuity of the
derivatives). To state this problem, we fix a function ¥ € C%! and set

K={veC»(Q):v>yinQ}.
Thus we consider u € C%1(Q)n W22 such that
/A(x,u,Du)-D(u—v)—B(u—v)dxz p(u—v)ds
Q 2Q

for all v € K. Rather than investigate this variational inequality directly, we
study the penalized problem

divd+B — ubs(u—w)=0 1inQ, A-y+9=0 ondoQ

for positive parameters 4 and J, and 6; a C! increasing function with
05(¢) =0 for t >0 and 64(¢) = -1 for t < 4.
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Assuming the existence of solutions to these penalized problems, we shall
bound the maxima of |u| and |Du| independently of 4 and J. Moreover we
shall show that, for any J € (0, 1) and u sufficiently large (depending on 4),

(6.1) u—y>-Cs\2,

(These results are the same as [7, Theorem 1.2].) These estimates imply the
regularity of the solution of the variational inequality by standard arguments.
The estimate on « is simple. We have

Z[B(X,Z,p)—,uOJ(Z—l//)]SZB(X,Z,p)

for |z| > |y|o. If z > |y]o, this is so because O5(z — y) =0 while for z <0,
we have 6; < 0. Hence the results of §2 gave a bound on |u| independent of
1 and J.

For the gradient bound, we include the term —u6;(z — w)d, in Di and
observe that we only have to check (3.8c) and (3.11a). Since

{ DD (~u05(z — w))di + g (b=~ w1 } (4% + 77
= —p05(u — ¥) (D — D) (4* +97*) < 0

if vy > 19 and |Du| > C(B,, B3)|Dy| by virtue of (3.6), it follows that (3.8c)
holds after adding a suitable multiple of |Dy|o to 7. The extended version
of (3.11a) is obvious because 05 < 0.

In some cases, inequality (6.1) can be proved directly from structure condi-
tions analogous to those in §2. (Such is the case, for example, in [7].) Here
we take advantage of the gradient bounds just proved. First of all, let us
set w =y —u, ¢§(x)=e¢(x,u),Ax,z,p)=—-A(x,y¥ —z,Dy —p), and
B(x, z, p) = —B(x, u, Du) + u6s(—w) . By suitable extension of 4, we can
find nonnegative constants a,, b;, ¢ such that

p-Ax,z,p)>p*-a, wB<b, wp<é

wherever w > 28 . (Of course &, b;, & will depend on all the structure used
to obtain our gradient bound.)~We now apply Lemma 2.1 with m =2, M =
20,g=2n,a1=a,0"%, by =b6"2,co=2¢0"",and by =0 to infer that

1/2n
(5-" / w2 dx) +5] .
{w>26}

hw,

(6.2) supw < c(d, by, ¢, n,q,Q)
Q

In fact, for u > 131/5 we have

wB <

N —

so Lemma 2.2 with m = 2, my = 1, My = 26,9 = 2n,a;, = &,/d, by =
0, by, =u/2,and ¢y = ¢ gives

(6.3) / wdx <c(n, Q)o*"
{w>26}

provided u is sufficiently large (depending also on ). The combination of
(6.2) and (6.3) with the inequality 0 < J < 1 gives (6.1).
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When T is empty and 0Q € C2-* for some a € (0, 1), solutions of the
penalized problem exist by virtue of [21, §7] under the additional hypotheses
listed there. Standard approximation arguments (see §7) allow us to relax the
regularity hypotheses on 9Q and the functions 4, B, and ¢ to those needed
for our estimates. In particular, we can allow the singular set I" to be nonempty.

As in [7, 6, 23], etc., adding the hypotheses

Ax, ¥, Dy)-y+9(x,y) <0 onoQ,
peCY" B A,, A, inC" a¥eC? 8QeCH"

for some n € (0, 1], gives second derivative bounds up to Q.

7. SOME REMARKS ON EXISTENCE

In deriving our gradient bound, we had to assume that the solution was
Lipschitz, that is, the gradient was bounded. In the case of a smooth bound-
ary, this assumption is not serious because strong existence results are known;
however, for a nonsmooth domain, this assumption is important.

In a convex domain (in two dimensions) near a corner, solutions of conormal
derivative problems generally have bounded (and even continuous) gradients
while their gradients are generally unbounded near a nonconvex corner. For
example, let Q be the set, in polar coordinates, givenby 0 <r<1,0< 0 < 37"
and write

Zl={r=1,0<0<3—n}, Zz={0<r<l,0=0,0=3—n}.

2 2
Then u = r*3cos 26 is the unique solution up to an additive constant of
. ou 2 2 ou
Au=0 inQ, —(9—y———3-cos§t9 on X, 6_y_0 on X,.

At the nonconvex corner {r = 0}, the gradient is unbounded, while at the
convex corners {r =1,0 =0 or 121} , u has Holder continuous gradient; in
fact, u is C*® everywhere except at the origin. The estimates of §3 do not
distinguish between the convex and nonconvex corners, but they can only be
applied when the solution is known to be Lipschitz.

Two approaches are possible in proving that a solution has bounded gradient.
First, the approach used by the author in, e.g., [21] can be applied provided the
only singularities of 9Q are edges and the interior angle between the hypersur-
faces meeting at each edge is less than 7. The only change in the proof is that
the linear theory of [22], which is valid in such domains, replaces the classical
Schauder theory. Hence, with this additional assumption on the domain, the
hypotheses of §§2 and 3 and the conditions

(7.1a) A€ CH*(QxRxR"), B e C*(QxRxR"),
(7.1b) A4, € C'?(Q xR x R"),
(7.1c) B; and B, are in C°(Q x R x R"),

(7.1d) 9 € CH*(0Q x R),
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(7.2) (@’)>0 onQxRxR",
(7.3a) A;=0,B, <0 onQxRxR",
(7.3b) p:<0 ondQ xR

for some positive a, § imply that (0.1) has a unique C!*¢(Q) solution for
suitable ¢ > 0. The local results in §3 are useful in this case primarily for
showing that the bound on the gradient depends only on local data. As pointed
out in [21], conditions (7.1), (7.2), and (7.3) can be modified somewhat. Thus,
if the only singularities of 9Q are edges and if conditions (2.1)’, (3.1)-(3.12),
(7.1), (7.2), and (7.3) hold, then (0.1) has a unique solution, which has
bounded gradient. (Of course if m =1 in (2.1)", we should replace (2.1c)’ by
(2.1¢c)".)

An alternative approach is needed to consider domains with other types of
singularities. The approximation scheme sketched by Korevaar in [9, §4] is
appropriate for this situation. .

From the appendix there is a function p € C%(Q)NC*(Q) which is equiv-
alent to d . Since Q satisfies an exterior sphere condition and an interior cone
condition, there are positive constants & and po such that |Dp| > po for
0<p<eg and, if Q, ={x € Q: p(x) > ¢} with inner normal y,, we have
0Q, € C®, 77 > C(Q)y0, and

Diye, ;i C' < ;—%ICP
for {-y. =0 and 0 < ¢ < g . Hence if conditions (2.1), (3.1)-(3.12),
(7.1a, b, ¢), (7.2), (7.3) and
(7.1d) ? € C*(0Q x R)
hold for (0.1), the boundary value problem
div A(x, u., Du,)+ B(x, uz, Dug) =0 in Q,,
A(x, ug, Dug) - 7: +7 7.9 =0 on 9L,

has a unique solution u, € C***(Q,). From §3, |Du,| is bounded uniformly as
¢ — 0, so u, converges uniformly to the unique solution of (0.1). Standard
regularity shows that u € C2+*(Q), it follows from [19] that u € C'*¢(Q\I')
for 6 € (0, 1), and [20] implies that Du is Holder continuous near interior
points of edges of 9Q as well.

APPENDIX. REMARKS ON REGULARIZED DISTANCE

In this appendix, we construct a regularized distance for Q, i.e., a function
p € COYR") N C?2(R*\&Q) which is equivalent to the signed distance function
d defined by

dist(x, 0Q) ifxeQ,
d(x)= . .
—dist(x, 0Q) ifx¢ Q.
To prove our results, we recall the construction of regularized distance from
[14, Lemma 1.1] with a slight modification to take account of a more detailed
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structure. Let ¢ be a nonnegative C2(R") function supported in the unit ball
with [¢(z)dz = 1. If g is a Lipschitz function such that g/d and d/g
are uniformly bounded and positive in R*"\0Q, and L and M are positive
constants such that |g(x) — g(¥)| < M|x —y| for all x and y in R” and
L > M, we define

(A.1) Gx,1)= /g(x —1z/L)p(z)dz

for (x, 1) € R"™!. A regularized distance p is then given by the equation
p(x) = G(x, p(x)). To see that this equation defines p uniquely, we note
from formulas (1.3) and (1.4) in [14] that the partial derivatives G, and G,
satisfy the inequalities

(A.2) IGx(x, )| < M,  |Gelx,7)|<M/L<1.

We also note that

Gx(x, p(x))
A3 Dp(x) = —= .
(A-3) PN = T26,(x, plx))
We now present two definitions. If xy € 9Q and if there are positive con-
stants J, A, an orthonormal coordinate system Y = (', y") = (!, ..., y"),
and a function f:R"*"! = R with

|f(1) — f)| < Alyy — vyl for |yi], |yy] < 49
such that

(yeQ:ly| <40} ={y eR":p" > f()'), |y| < 46},

we call f a local representation of 9Q near xp. If Q has a local represen-
tation near each point x, of 0Q with constants 6 and 4 independent of X,
we say  is Lipschitz. (More commonly, such a domain is called uniformly
Lipschitz.) Note that a domain is Lipschitz if and only if it satisfies uniform
interior and exterior cone conditions.

Lemma A.1. Any Lipschitz domain Q has a proper regularized distance p.
Moreover, if 0 < |d(x)| <, then 3|Dp(x)| > (1 + A%)~1/2.
Proof. Let x € Q with d(x) < d and choose xp € 9Q so that |x —xp| = d(x).
Working in the Y coordinate system corresponding to xo, we first show that
if |y1], |y2] < 26 with y} =y and y? >y} > f(»}), then

(A.4) dy))—d(y2) > (ly_i;—;zy);l/i

To prove (A.4), let yo € 0Q such that d(y;) = [y; — yo|, note that |yg| < 46,
and let K be the exterior cone to Q with vertex y,, vertex angle 2arccot A,
and axis parallel to the y"-axis. Then

(A.5) d(y) = dist(y;, K), d(y2) < dist(y2, K).

Now write .# for the line through y, and parallel to the line segment yqy, ,
zo for the point of intersection of .# with the axis of K and z; for the
point of intersection of . with K, which is closer to y,. It follows that the
cotangent of the angle zoyoz; is A, s0 |zo— z;| > (1 4+ A%)~'/2|yg — zo| . Since
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[vo — zo| = ¥} —¥5, dist(y2, K) < |[y2 — 21|, and dist(y;, K) = |y — 2o| =
|v2 = z1| + |21 — 20|, we also have

i
(1 + 422"
The combination of (A.5) and (A.6) gives (A.4).

Now take g =d and M =1 in (A.1). If X’ =x' and f(x') < X" < x",
then

Tz Tz x" - X"
6.0 -G(x. 1= [ [a(x-F)-a(x-F)]o(z)az e
provided 0 < 7 < Lmin{d(X), d(x)}. Hence if we divide this inequality by
x" — X" and let X" approach x", we find that the derivative G, = 8G/9x"
satisfies the estimate G,(x, t) > (1 + 4%)~'/2 for 0 < 7 < Ld(x), and by
continuity of G,, also for 7 = Ld(x). In particular, we can use 7 = p(x) to
infer that

(A.7) Gn(x, p(x)) > (1+ 43712,

From (A.2), (A.3), and (A.7), we have D,p(x) > (LW)'(ITHW for 0 < d(x) <
0, and a similar argument works if —d < d(x) < 0. Choosing L = 2 gives the

estimate on [Dp|. O

(A.6) dist(y , K) —dist(yz, K) >

Note that by choosing L sufficiently large, we can make |Dp| > a(1+4%)~1/2
for any a € (1/2,1).

The method of [14, §2] gives an alternative proof of Lemma 1 with differ-
ent constants by constructing local regularized distances and then piecing them
together via a partition of unity.

When the exterior cone condition is strengthened to an exterior sphere con-
dition, the regularized distance just constructed satisfies a one-sided second
derivative condition. The proof of this fact uses the following consequence of
[14, (1.10)]: Let x € R"\0Q and ¢ € R, set & = (£, ¢ - Dp(x)), and use
subscripts i=1,...,n+1 on G to denote partial derivatives with respect to
x! if i < n and with respect to 7 if i =n+ 1. Then

izj _ Gij(x, p(x)E'E
(A.8) Dijp(x)§'¢) = = Gnr1(x, p(x))’

(Here and below we follow the summation convention that repeated indices are
to be summed over the appropriate range. For example, in (A.8) the indices i
and j are summed from 1 to n on the left-hand side but from 1 to n+1 on
the right.)

Theorem A.2. If Q satisfies a uniform exterior sphere condition with radius R,
then Q has a regularized distance p such that

(A.9) Djjp(x)&E) < ﬂ'Qlélz

R
forall £ e R" and all x € R"\0Q, and

(A.10) Dijp(x)E'¢ < %lél2
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forall £ e R" and all x € Q. If Q satisfies a uniform interior cone condition,
then p is proper.
Proof. We first prove that

2
(A1) d(x+h)+d(x—h)—2d(x)5%—

for all x € Q and all # € R" with |h| < d(x). To prove this inequality, for
each y € 9Q, write z for the center of the exterior sphere to Q at y with
radius R, and define d, by dy(x) = |x — z| — R. Note that d < d, and

dy, € C*(R"\{z}) for any y € Q. Therefore
A2 lx—z)-hP _ AP _ A2
|x — z| x—z> “|x-z| - R~
For |h| < d,(x), Taylor’s Theorem shows that d,(x + h) +d,(x —h) —2d,(x) <
J%i. If we choose y so that d(x) = |x —y|, then d(x) =d,(x). Since d, < d,
(A.11) follows immediately.
From (A.11) and (A.1) with g =d and ¢ even, so that [ z¢(z)dz =0, we

see that
2, p2/72
Gx+h, 1+ k) +Glx—h, 1—k)—2G(x, 7) < ’h—'ilé‘—/L—
for 0 < t < Ld(x)/2 and |h| + |k|/L < d(x)/2. Dividing by |h|*> + k?/L?,
letting this denominator tend to zero, and choosing 7 = p(x) gives
o |E.’|2 + (E"+1/L)2

(Alz) Gij(x, p(x))E‘lEj < R

Dijdy(x)h'h =

o L(J¢)? -Dp(x)|>)/L* _ 4)¢)?
Dy p(x)E'E < (€] w;f_ A;)(R)I )/ < IIiI
for L=2, M=1.

When —R/2 < d(x) < 0, we have |x — z| > R/2 and hence the preceding
argument shows that D;;p(x)E'E/ < $1¢12.

Finally, it follows from the proof of [14, Theorem 1.3] that |D?p| < C'(n)/d ,
and therefore d(x) < —R/2 implies that (A.9) holds with C replaced by C’.
Hence (A.9) holds in all cases if C = max{8, C'}.

Lemma A.1 implies that p is proper in case of an interior cone condition. 0

By choosing L sufficiently large, we can replace 4 in inequality (A.10) by any
constant greater than 1.

We now show how to infer (3.12)" from (3.12). Suppose that Q is a
Lipschitz domain satisfying an exterior sphere condition with radius R and
let p be the regularized distance constructed in Lemma A.1. With § as in the
definition of Lipschitz domain and ¢ € (0, d), write y for the normal to the
surface £ = {x : p(x) = ¢} and let £ be a vector field tangent to X. Since
y=Dp/|Dp| on X, we see from (A.3), (A.7), (A.8), and (A.12) that

o - 1 o
D;y;¢'¢! = D;jpl'él = )|Gij(X, p(x))E'E/

|Gx(x, p(x)
B _ 2 EP
< (14 47) R =(1+4°) R on X.

1
|Dp|
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In a sufficiently small neighborhood of xy € 0Q\I', we can make A4 arbitrarily
close to zero by choosing  small enough. Hence for any constant C > 1, we

have D;y;{'¢/ < CJ%E , and sending C to 1 proves (3.12).
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